A quartz crystal microbalance ͑QCM͒ is described, which is based on a torsional resonator, rather than a conventional thickness-shear resonator. Typical applications are measurements of film thickness in the coating industry and monitoring of biofouling. The torsional QCM is about a factor of 100 less sensitive than the conventional QCM. On the other hand, it can probe film thicknesses in the range of hundreds of microns, which is impossible with the conventional QCM due to viscoelastic artifacts. Data acquisition and data analysis proceed in analogy to the conventional QCM. An indicator of the material's softness can be extracted from the bandwidth of the resonance. Within the small-load approximation, the frequency shift is independent of whether the sample is applied to the face or to the side of the cylinder. Details of the geometry matter if the viscoelastic properties of the sample are of interest.
INTRODUCTION
The quartz crystal microbalance ͑QCM͒ enjoys widespread use as a simple tool to measure film thicknesses in the nanometer range.
1,2 Monolayer sensitivity is easily achieved.
However, the QCM suffers problems when the films under investigation are thicker than a few microns. Viscoelastic effects then strongly come into play. 3 The frequency shift ⌬f can only be converted to a film thickness d f as long as the film is acoustically thin, where "acoustically thin" implies a thickness of less than about 10% of the wavelength of sound. 4 Given that polymers in the process of drying are very soft, the maximum film thickness is in the range of a few microns for 5 MHz crystals. Viscoelastic effects can be accounted for-and can even be an interesting piece of information-as long as they are small. 5 However, the situation becomes quite intractable when the film thickness reaches a quarter of the wavelength of sound. At d f = / 4 one encounters the "film resonance." 6, 7, 3 At this frequency, the film itself forms an acoustic resonator which is in tune with the quartz crystal resonator. The situation is analogous to the "vibrating reed" in beam bending. While equations describing the film resonance exist, they do not match the experiment very well. To the practitioner, a film resonance is usually bad news.
In the coating industry, films with a thickness less than a micron are of limited interest. 8 The thickness of a typical lacquer is of the order of half a millimeter. Many polymer coatings are produced from aqueous dispersions, where the sphere size is around 100 nm. Films cast from these dispersions are at least ten times as thick as the sphere diameter. This thickness is at the upper limit of the dynamic range of the standard QCM ͑if not above͒. A similar problem is encountered in biotechnology when the QCM is used to monitor biofouling. [9] [10] [11] [12] Since typical biological cells are much thicker than the depth of penetration of the acoustic shear wave, the QCM only senses the bottom part of the cell sheet and the Sauerbrey relation cannot be applied. In principle, one might try to expand the range of applicability by using larger crystals. However, this turns out to be difficult because the thickness-to-width ratio of quartz resonators must stay below about 1 / 30. Thicker crystals would also have to be much larger in diameter. Crystals with a diameter of 3 in. are available, but they are expensive and only bring a moderate improvement.
In this article we describe the application of torsional resonators for microweighing. Figure 1 shows the geometry and two types of mounting. The electrodes are arranged in a quadrupolar geometry ͓Fig. 1͑c͔͒. Two-pin mounting ͓Fig. 1͑a͔͒ is relatively easy, but in this case the electrodes are exposed to the ambient medium. If the crystal is mounted by one pin and an O-ring around the waist ͓Fig. 1͑b͔͒, the access of the liquid can be limited to the lower half of the crystal, while the electrodes are applied on the upper half.
Torsional resonators have been around for many decades. [13] [14] [15] They have mostly been used to determine the viscosity of complex media at high frequencies. [16] [17] [18] [19] [20] [21] [22] Much of the early work on piezoelectric resonators has made use of torsional resonators, rather than thickness-shear devices. 23 Operation and data analysis are very similar for the two. For instance, ringdown has already been used for torsional resonators in the late 1950s. 24 Mason's book from 1948 contains a detailed discussion on how a viscous environment changes the resonance frequency of the device and anticipates the Kanazawa-Gordon result rather closely. [25] [26] [27] Given all this knowledge, it seems slightly surprising that microweighing has-to our knowledge-not been described as an application of torsional resonators. 28 Given the considerable importance of microweighing for the study of film formation and biofouling, it seems worthwhile to adapt torsional resonators for microweighing. The technique is simple. In the modeling section we mathematically justify why the Sauerbrey equation holds for torsional resonators in the same way as for thickness-shear resonators. The derivation reveals limitations and approximations, which are essential in practice. We then describe the devices used in this study. The section discussing the results contains application examples.
MODELING
The acoustic model underlying the operation of torsional resonators has been worked out by Mason et al., 23 McSkimin, 13 and more recently by Nakajima et al. 29 However, these authors only considered measurements of the viscosity. The material of the resonators was assumed to be isotropic, and the final equations only apply to resonators which have a length L much exceeding the diameter, 2a. In view of these limitations, it is easiest to repeat the entire derivation and point out approximations, wherever they are introduced.
We first treat an uncoated resonator. For isotropic materials and for uniaxially anisotropic materials, a torsional displacement pattern can satisfy the wave equation. A discussion of the consequences of anisotropy is provided in the Appendix. In the derivation below we neglect piezoelectric stiffening and the electrical contribution to the crystal's strain energy. 30 Effects of finite conductivity of the sample can, in principle, be prevented by metalizing the crystal-sample interface and grounding this layer. In this work, we only investigate nonconducting samples. In the following, cylindrical coordinates ͑termed r, , and z͒ are used. We treat the torsional displacement as a scalar quantity, u ͑r , z͒. Gradients of u only occur along r and z. All equations below are complex. In particular, the resonance frequency is complex, where the imaginary part is given by the half-width at half maximum, ⌫. In cylinder coordinates, the wave equation reads as
where q is the density of the crystal and G Ќ and G ʈ denote the shear moduli in the cross-sectional plane and the planes containing the symmetry axis, respectively. For harmonic motion, we have
The boundary conditions at the center ͑r =0͒, on the side ͑r = a͒, and on the face of the cylinder ͑z = ±L /2͒ are u ͑r͒ = 0 at r = 0, ͑3a͒
where is the stress. The indices s and f denote the side and the face of the crystal, respectively. The surface stress, f or s , is exerted by the sample. For now, the sample is assumed to be laterally homogeneous. The load is small in the sense that induced frequency shift ⌬f is much smaller than the frequency itself. Further, the sample is assumed to be much softer than the crystal. It does not laterally transport stress; that is, it does not stiffen the torsional resonator.
The surface stress has been expressed in terms of the load impedance Z L , which is the ratio of stress and speed. If the resonator is in contact with a bulk viscoelastic medium, the load impedance is the same as the acoustic impedance of this material,
͑4͒
where is the density and is the viscosity. For inertial loading with an acoustically thin film, the load impedance is given by
where m f is the areal mass density ͑mass per unit area͒. Equations for more complicated samples have been derived for the quartz crystal microbalance 5, 32, 33 and can be readily transferred to torsional resonators.
In the following we assume that the solution can be written as a product R͑r͒Z͑z͒: u ͑r,z͒ = u 0 R͑r͒Z͑z͒.
͑6͒
The parameter u 0 is an amplitude. Separation of variables yields
͑7͒
Since the first and the second term only depend on z and r, respectively, they must both be constant. 
where C 1 and C 2 are constants, and J 1 and Y 1 are first-order Bessel functions of the first and the second kind, respectively. The constant C 2 must vanish because R͑r͒ / r is finite at r Ϸ 0, while Y 1 diverges at 1 / r. C 1 is an amplitude. Since an amplitude u 0 has already been introduced in Eq. ͑6͒, we may set C 1 to unity. In the limit of small surface stress, we have k Ќ Ϸ 0 ͑see below͒. The function J 1 ͑k Ќ r͒ then approximates as
For vanishing surface stress, the displacement is proportional to r, corresponding to a pure rotation. There is no shear in the cross-sectional plane of the cylinder and the resonance frequency is entirely governed by the length of the cylinder, L.
A load on the side of the cylinder causes shear in the cross-sectional plane, which slows down the speed of wave propagation along the main axis, thereby decreasing the resonance frequency. The following equations quantify this statement.
In the presence of a load, the constant k Ќ is determined from the boundary condition at r = a. Making use of the relation ‫ץ‬ / ‫ץ‬r͓J 1 ͑r͒ / r͔ =−J 2 ͑r͒ / r, Eq. ͑3b͒ reads
Since the surface stress is assumed to be small, we confine the discussion to solutions with k Ќ a Ӷ 1. Taylor-expanding
We now turn to the function Z͑z͒, which satisfies ͓Eq. ͑7͔͒
In order to solve Eq. ͑14͒, we use the ansatz
where the origin of the z scale is in the center of the crystal. Inserting Eq. ͑15͒ into Eq. ͑14͒ yields
We term the resonance frequency in the absence of the load 0 and write
where ⌬ Ӷ 0 was used in the third step. Further, we term the parallel wave vector in the absence of the load on the face of the cylinder k ʈ,0 and write
͑18͒
The relation ⌬k ʈ Ӷ k ʈ,0 was used in the second step. In the absence of a load on the side of the cylinder, k Ќ in Eq. ͑16͒ is zero and the following relations hold:
With these variables, Eq. ͑16͒ reads
The parameter ⌬k ʈ is determined from the boundary conditions on the face of the crystal. From Eq. ͑3c͒ we find
Since k ʈ L /2Ϸ / 2 and, further, since ⌬k ʈ is small, one can approximate cos͓͑k ʈ,0 + ⌬k ʈ ͒L /2͔ as −⌬k ʈ L / 2, which leads to
where c ʈ = / k ʈ = ͑G ʈ / q ͒ 1/2 is the speed of sound and Z ʈ = q c ʈ = ͑G ʈ q ͒ 1/2 is the acoustic impedance. Inserting Eqs. ͑14͒ and ͑22͒ into Eq. ͑20͒ yields
For ease of comparison with the experiment, we rewrite Eq. ͑23͒ as
where M q is the mass of the crystal and A s and A f are the areas of the side and the face of the cylinder, respectively. In order to conform with the literature, ⌬f * has acquired a star, emphasizing that it is complex ͑⌬f * = ⌬f + i⌬⌫͒. Many of the unstarred quantities ͑k, Z, , and c͒ are complex as well.
Assume that the entire resonator is coated with an acoustically thin film. The load impedance of a thin film is im f , with m f as the mass per unit area. The term in parentheses in Eq. ͑24͒ is then the total mass of the load M f , and Eq. ͑23͒ is evaluated to
This is clearly the Sauerbrey relation. As long as the amplitude distribution is properly accounted for ͑see below͒, it does not matter whether the sample is applied to the face or to the side of the crystal. Equation ͑25͒ points to an interesting difference between torsional resonators and thickness-shear devices: for torsional resonators the sensitivity can be adjusted independently of the operating frequency via the width of the cylinder, whereas sensitivity and operating frequency are tightly linked for the standard QCM. Small, slender cylinders can have a sensitivity comparable to the sensitivity of 5 MHz thickness-shear devices while operating at a much lower frequency.
This leaves the question of what happens if the load is laterally heterogeneous, that is, if there is some distributed load, Z L ͑z͒ ͑on the side of the cylinder͒ or Z L ͑r͒ ͑on the face of the cylinder͒. Intuitively, one can see that the influence of the load depends on where the load is applied. If the load is applied at a node of the displacement pattern, the sample will not move and therefore will not shift the resonance frequency. It turns out that the statistical weight is equal to the square of the local amplitude, ͉u͑z͉͒ 2 or ͉u͑r͉͒ 2 . 34 This has been justified in Ref. 35 on the basis of the perturbation theory. Here, we rationalize the statement by considering a special case, which is a small viscous droplet deposited at some position, z, on the side. The droplet will dissipate energy and thereby increase the bandwidth ⌫ in proportion to the amount of energy dissipated per period of oscillation. More specifically, we have
where Q is the Q factor, ⌬W is the energy dissipated per oscillation, and E is the energy contained in the oscillation. The rate of dissipation inside the droplet is given by
Here u is the lateral speed. For this special case, ⌬⌫ clearly scales as u 2 . By generalization, the same is true for ⌬f and also for all other kinds of loads. Including this statistical weight into Eq. ͑24͒ yields
͑28͒
Within the small-load approximation, 7,36 the frequency shift only depends on the mass of the resonator, not on its stiffness. For that reason, the frequency shift does not depend on whether the load is applied to the face or to the side of the cylinder. The small-load approximation fails when details of the viscoelastic properties are of interest. Deviations from the small-load approximation can be treated by perturbation. For a laterally homogeneous film in air, the third-order perturbation result is
where n is the overtone order,
is the acoustic impedance of the film, J f is the compliance of the film, and f 0 is the resonance frequency in the load-free state. Z q takes the values of Z ʈ or Z Ќ for loading on the face and on the side, respectively. The viscoelastic correction is proportional to the compliance of the sample. Since both the mass and the elastic compliance, JЈ, enter the frequency shift, the study of JЈ requires measurements on different overtones.
For a liquid, the third-order perturbation result is
where Z liq is the acoustic impedance of the liquid. For a homogeneous film in a liquid, the first-order perturbation result is
͑31͒
In this case, f 0 is the frequency of the crystal immersed in liquid, but not covered with the film. The second relation assumes a film which is soft compared to the crystal, but still much stiffer than the ambient medium. It is instructive to consider the ratio of ⌬⌫ and ⌬f for the case of a film immersed in a liquid. One has
͑32͒
The third relation again assumed a film which is much stiffer than the ambient medium. If the film is much thinner than the penetration depth of the shear wave ͑2.5 m for the TQ56 resonator in water͒ the ratio ⌬⌫ / ͑−⌬f͒ can be readily converted to the elastic compliance of the film.
37

EXPERIMENTAL AND DATA ACQUISITION
The resonators used in this study were supplied by Flucon Fluid Control GmbH, Clausthal, Germany. To date, they are employed as viscosity sensors. Two types of resonators with fundamental resonance frequencies of 56 kHz ͑TQ56͒ and 78 kHz ͑TQ78͒ are available. Device parameters are collected in Table I . This work made use of the resonator type TQ56, mounted as shown in Fig. 1͑b͒ . The resonance parameters were acquired by means of impedance analysis. Two types of analyzers were used, which are the SA250B ͑Saunders, Phoenix, Arizona͒ and the Qvis200 ͑Flucon, Germany͒. The network analyzer sweeps the frequency across the resonance and determines the conductance of the device. On resonance, the electrical conductance is large because the electrodes draw a large current in order to compensate the surface polarization of the piezoelectric resonator. The SA250B determines the real and the imaginary part of the conductance ͑G and B͒ separately, while the Qvis200 ͑which is the cheaper unit͒ only supplies the modu-
Evidently, fitting is more accurate with the vector analyzer, but the Qvis200 also provided reliable results. When using the SA250B, the raw data were fitted by the function
͑33͒
Here, G ͑the conductance͒ and B ͑the susceptance͒ are the real and the imaginary part of the complex admittance, Y. f res is the resonance frequency, ⌫ is the half-bandwidth at half maximum ͑bandwidth, for short͒, G max is an amplitude, G off and B off are offsets, G slope and B slope take care of sloped offsets, and is a phase angle. The central parameters of interest are the frequency f res and the half-width at half maximum ⌫. All other parameters are included in order to account for an imperfect calibration. They are of no further interest, but including them into the fit increases the reproducibility in the determination of f res and ⌫.
When employing the Qvis200, we initially fitted the modulus ͉Y͑f͉͒ = ͓G 2 ͑f͒ + B 2 ͑f͔͒ 1/2 , with G͑f͒ and B͑f͒ as predicted in Eq. ͑33͒, to the raw data. However, it turned out that it is easier to determine the derivative d͉Y͑f͉͒ / df, smoothen it, and fit this function with a resonance curve of the form
͑34͒
The resonance frequency and the bandwidth carry an additional subscript d to emphasize that they are not strictly equal to f res and ⌫ as determined with the full fit from Eq. ͑33͒. The difference was small.
RESULTS AND DISCUSSION
In the following, we present examples showing that the torsional resonator indeed works as a QCM, provided that the thickness of the sample is much lower than the wavelength of sound. The latter can be estimated to be about 0.5 mm ͓using a shear modulus of G ϳ 10 6 Pa, a density of =10 3 kg/ m 3 , a frequency of f = 56 kHz, and the relation = c / f = ͑G / ͒ 1/2 / f͔. It is important to realize that the requirement of acoustically thin films holds for torsional resonators as well. In order to stay on the safe side, the film thickness must be below 100 m ͑compared to about 1 m for the thickness-shear QCM͒.
The experiments below were carried out with a polymer dispersion termed UPV3, kindly provided by María J. Barandiaran, University of the Basque Country. Details of the preparation are unessential. UPV3 was prepared via miniemulsion polymerization. It mostly contains acrylic polymers and some alkyd resin. The solids content is 55%. The sphere diameter is in the range of 180 nm and the T g of the spheres is about 5°C. Film formation from this dispersion readily occurs at room temperature. Figure 2 shows data illustrating the linearity of the device. Droplets of known volume were deposited onto the side of the resonator, close to the edge. The mass of the dry material, M f , was derived from a calibration with a conventional balance. The conversion factor was 0.55 mg/ ml. Given that the amplitude of oscillation at the edge of the cylinder is 2 1/2 times the average amplitude, one expects a frequency shift of ͓Eqs. ͑25͒ and ͑28͔͒
Inserting the values of M q = 10.4 g and f = 56.1 kHz ͑Table I͒, we arrive at ⌬f = −10.9 Hz/ l. This matches the experimental result rather closely. The best fit to the data in Fig. 2 is ⌬f = −10.6± 0.4 Hz/ l. In Fig. 3 we address the dependence of the frequency shift on the position, where the drop is applied. The experiment was again carried out with small droplets of the material UPV3. In this case, the droplet volume was maintained constant ͑5 l, corresponding to 2.8 mg after drying͒ and the distance from the edge was varied. As the position of the drop moves away from the edge, the sensitivity of the resonator decreases. The dashed line is a fit to the function ⌬f =−⌬f 0 cos 2 ͑x / L͒, where ⌬f 0 is the fit parameter and cos 2 ͑x / L͒ describes the square of the amplitude distribution. Since the local amplitude is largest at the edge, the sensitivity is largest there as well. The fit describes the data well. Figure 4 shows data obtained when drying a film. The film was applied by dip coating. It is essential to mount the resonator horizontally after the dipping process. Otherwise, a small amount of gravity-driven flow will transfer material from small-amplitude regions ͑in the center of the cylinder͒ to high-amplitude regions ͑at the end of the cylinder͒. This artifact must be avoided. Also, we wiped the face of the cylinder clean with Q tips because coverage was inhomogeneous in this area. The drying process is reflected in both ⌬f and ⌬⌫. The increase of ⌬f with time is caused by the evaporation of water. Using an immersion depth of 15 mm during dip coating and, further, assuming homogeneous coverage and a density of 1 g / cm 3 , one obtains a calibration constant of −3.5 Hz/ d f ͑m͒, where d f is the film thickness in m. The final film thickness therefore is about 10 m.
Typically, one would convert the bandwidth ⌫ to a viscous shear compliance JЉ. In the following, we demonstrate this calculation. The load impedance of a viscoelastic film in air is
͑36͒
The terms outside the square brackets are the Sauerbrey contributions. The second terms inside the brackets are the viscoelastic correction. In Eq. ͑36͒ we have not applied the perturbation theory ͓Eq. ͑29͔͒, which is permissible as long as the film is much softer than the crystal. Using Eq. ͑28͒, we find
Frequency shift of the resonator after small drops of a polymer dispersion ͑solids content: 55%͒ were deposited on the resonator. The frequency shift was determined after drying, whereas the droplet volume was measured before the application of the drop. The mass of the dried droplets was 2.8 mg/ l. 
͑37͒
Since the face of the crystal was wiped clean after dip coating, we can confine the integral to the side of the cylinder. The imaginary part of Eq. ͑37͒ is
͑38͒
Note that there is a cube of the film thickness inside the integral in Eq. ͑38͒. Should the film thickness be slightly inhomogeneous, the thicker portions will strongly dominate the value of ⌬⌫. Assuming a homogenous coverage with a film thickness of d f up to an immersion depth of 15 mm, the integral evaluates as 0.49d f 3 2La, resulting in
Panels c and d in Fig. 4 display the conversion from film ⌬f and ⌬⌫ to film thickness d f and viscous compliance JЉ. Again, the values of JЉ have to be interpreted with care because an inhomogeneous thickness distribution has a large effect.
Finally, Fig. 5 displays the results of a biofouling experiment. In order to facilitate cell attachment, the resonator was first coated with poly-L-lysine by dip coating. Cell attachment did not occur on the untreated resonator surface. The poly͑L-lysine͒ coated crystal was immersed in a buffer solution containing 1 g / l glucose and 1 g / l yeast extract and left for about 1 h to allow for thermal equilibration and acquisition of the base line. At t = 0, cells ͑Pseudomonas fluorescens, DSMZ 147, provided by the German Collection of Microorganisms and Cell Cultures͒ were added to the solution. More details on the cell culture and biofouling experiments with this culture are given in Ref. 39 . The cells start to proliferate, as indicated by the increasing turbidity of the suspension. At the same time, the frequency decreases due to the formation of a biofilm on the resonator surface. Note that the change is not caused by an increase of the viscosity of the solution: such an increase would have changed the frequency and the bandwidth by the same amount. The frequency shift of −2 Hz corresponds to a thickness of about 0.5 m. Given that the cells themselves are thicker than a micron, one concludes that a full coverage has not been achieved. In principle, softness also leads to a Sauerbrey thickness smaller than the geometric thickness ͓Eq. ͑31͔͒. However, soft layers usually induce a large shift in bandwidth, which is not the case here. More experiments on the formation of biofilms are in progress. At this point, we only demonstrate the usefulness of torsional resonators for this purpose.
CONCLUSION
Our work describes the use of readily available and economical quartz crystal torsional resonators for microweighing. The resonance behavior was probed by impedance analysis. Torsional resonators are therefore straightforwardly adapted to detection electronics usually employed for driving a quartz crystal microbalance. While the literature mostly treats long, thin resonators, the resonators used in this work should not be described in this way. Their aspect ratio is about 3. The load on the face of the cylinder ͑if present͒ must be included in the analysis.
Within the small-load approximation, a load on the face of the cylinder and a load of on the side of the cylinder affect ⌬f in the same way. For a more accurate derivation of viscoelastic parameters, a distinction between loading on the face and loading on the side of the cylinder must be made. For inhomogeneous loads, a statistical weight must be introduced. It is proportional to the square of the local amplitude of oscillation.
Experimental checks with drops and films of a polymer dispersion have confirmed that torsional resonators indeed function as microbalances when the sample is thin enough. Biofilm formation is easily monitored as well. 
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APPENDIX: CONSEQUENCES OF ANISOTROPY
A purely torsional displacement pattern cannot fulfill the wave equation with the anisotropic stiffness tensor of x-cut ␣ FIG. 5. Results of a biofouling experiment. The resonator was exposed to a dispersion of Pseudomonas fluorescens cells ͑DSMZ 147͒. The decrease in frequency corresponds to an equivalent Sauerbrey thickness of 0.5 m. The Sauerbrey thickness is not necessarily equal to the geometric thickness because of roughness and softness. Note, however, that the increase in bandwidth is much less than the decrease in frequency. Accordingly, the resonator operates in the Sauerbrey regime and is expected to sense the entire cell. This is in contrast to thickness-shear resonators, which would only sense the bottom part of the cell layer.
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quartz. In order to make the problem analytically tractable, one has to assume that the shear modulus in the xy plane ͑c 66 in the Voigt notation͒ and in the xz plane ͑c 55 in the Voigt notation͒ are the same ͑termed G ʈ ͒. The shear modulus in the yz plane ͑perpendicular to the axis of the cylinder, c 44 in the Voigt notation͒ is termed G Ќ in the main text. Cross terms have to be neglected; that is, the shear stress in the plane of the cylinder must be decoupled from shear stresses in the other planes. In particular, the element c 45 ͑which is nonzero for crystalline quartz͒ must vanish. The consequences of anisotropy can be discussed without a detailed mathematical treatment. The fact that c 66 c 55 and c 45 0 ͑for real quartz crystals͒ leads to a distortion of the displacement pattern of the wine-glass type ͑Fig. 6͒. The wine-glass distortion is essential because its surface displacement contains a normal component. Wineglass resonators emit compressional waves ͑as we know from real wine glasses͒. In contrast to shear waves, compressional waves do not decay close to the surface; they propagate and may be reflected at the walls of the container, leading to standing acoustic waves. 40 Also, since the acoustic impedance of compressional waves is much larger than the shear acoustic impedance, even small-amplitude compressional waves strongly shift the frequency and bandwidth.
One can check for the presence of compressional waves by bringing the resonator close to the wall of the container and by measuring the frequency and bandwidth as a function of the distance to the wall. A solid surface affects the frequency of the resonators if the two communicate via longitudinal waves. Interestingly, we could not find such an influence of a wall for resonators of type TQ56 ͑Table I͒ immersed in water, when operating them on the fundamental at 56 kHz. We did find such effects on the third harmonic at 168 kHz. This leads to the conclusion that the wine-glass distortion-even though it must exist based on symmetry considerations-is negligibly small for the fundamental resonance of these crystals. FIG. 6 . Wine-glass deformation of the cylinder, caused by the anisotropy of the crystal ͑much exaggerated͒. This type of motion is superimposed onto the torsional displacement.
